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Abstract

This paper examines the accuracy and calculation speed for the magnetic field computation in an
axisymmetric electromagnet. Different numerical techniques, based on an adaptive nonuniform grid,
high order finite difference approximations and semi-analitical calculation of boundary conditions are
considered. These techniques are being applied to the modeling of the Variable Specific Impulse
Magnetoplasma Rocket. For high-accuracy calculations, a fourth-order scheme offers dramatic
advantages over a second-order scheme. For complex physical configurations of interest in plasma
propulsion, a second-order scheme with nonuniform mesh gives the best results. Also, the relative
advantages of various methods are described when the speed of computation is an important
consideration.

1. Introduction

Computing the axisymmetric magnetic field generated by the current in a coil is a numerical problem
frequently encountered in the mathematical modeling of plasma flows, charged particle beams [1, 2, 3],
and other areas of physics. The problem can be approached in a variety of ways involving numerical
integration methods as well as finite difference, finite volume, finite element, or other numerical
methods for solving partial differential equations. All methods produce results, which may trade off
computational speed for accuracy. The results depend very much on the order of approximation, the
use of uniform or nonuniform grids, and other factors. For steady state solutions, the numerical

approach may be different than for those solutions involving time dependence.

One important area of interest involves the study of plasma behavior in the Variable Specific Impulse
Magnetoplasma Rocket (VASIMR) engine [4]. This new space propulsion concept is being studied at
the Advanced Space Propulsion Laboratory (ASPL) of the NASA Johnson Space Center in Houston,
Texas. Numerical simulation data are a crucial element of this research. They allow us to accurately
predict system performance before developing costly experimental test equipment. In addition,
numerical modeling is helpful in the design of plasma heating schemes and understanding plasma
behavior in the VASIMR.

A number of factors direct requirements on code accuracy and computational speed. For example, the
measurement accuracy of magnetic field with most available laboratory instrumentation is about 0.1%
[5, 6]. Furthermore, magnetic coils can only be positioned with a limited degree of precision. These
experimental realities limit the relative error, which can be experimentally verified to about 0.001. On
the other hand, simulating plasma instabilities and other more complex dynamics may require a high-
accuracy numerical solution. Such accurate solutions may also be useful in developing plasma control
algorithms for an operational device. Still another important issue pertains to solver speed, as the
complex iterative mathematical modeling of a magnetoplasma thruster requires multiple fast
recalculation of the magnetostatic problem.

Finite difference and finite volume methods are widely used for solving the magnetostatic problem [7-
9]. In previous publications, researchers have approached the problem in Cartesian coordinates. We,
in turn, use a cylindrical coordinate formulation, assuming axial symmetry, and explore a high-order
finite volume approximation. In addition, we analyze and describe the effects of uniform vs.
nonuniform grids with respect to accuracy, computational speed and robustness. The results are
presented in the context of the VASIMR described briefly in the next section.



2. VASIMR system

The VASIMR system is a high-power-density magnetoplasma rocket, which is capable of real-time
exhaust modulation for optimum performance. In the system, shown in Figure 1, hydrogen plasma is
created, heated, and expelled through an open-ended magnetic configuration to provide modulated
rocket thrust. The general magnetic structure of the VASIMR is that of an asymmetric magnetic
mirror, comprising three linked magnetic stages. The present system preserves azimuthal symmetry.
The magnetic configuration of the VASIMR—combined with its approach to plasma generation,
heating, and acceleration—results in a unique engine whose theoretical performance far exceeds that
of present-day rockets [10, 11].

RADIATIVE COOLING PANEL SUPERCONDUCTING ELECTROMAGNETS
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Figure 1. The VASIMR system.
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Figure 2. Projected design of the first spaceflight low-power VASIMR thruster.

A simpler variation of the VASIMR system is shown in Figure 2. In this configuration, the exhaust and heating
cells are merged to provide a simpler geometry, albeit with some limitations in performance. This simpler
VASIMR will be used in the first flight experiment envisioned to demonstrate this technology. Denoted the
“radiation and technology demonstrator” (RTD), this experiment is currently the subject of considerable
theoretical and experimental study.

An experimental evaluation of the VASIMR performance is being conducted in a laboratory device which
uses simple liquid nitrogen-cooled copper magnets. These units are integrated into a vacuum structure by
placing them in stainless steel enclosures, which can withstand the atmospheric pressure forces. The coils are
attached to a structural spacer, which provides diagnostic and view port access. While this magnet assembly
would be unsuitable for spaceflight, the resulting magnetic field closely resembles that of the actual RTD flight
experiment and can be comfortably studied in the laboratory. Figure 3 shows a composite trimetric view of
the present experiment configuration with an actual photograph of the device.



Figure 3. Trimetric view with an actual photo of the present VASIMR configuration at the ASPL.

3. The fundamental magnetostatic problem

The magnetostatic problem is a steady state case of two vector Maxwell equations:

vxlB=p B=VxA, (1)
y7;

where B is the magnetic induction vector, is the magnetic permeability, pis the current density and A4 is the
magnetic vector potential. This paper is devoted to the fast and accurate calculation of B for a specified
azimuthal current density pin the special case of cylindrical symmetry and constant magnetic permeability £
In that case, the magnetic vector potential A, written in the cylindrical coordinate system (7, € z), has only an
azimuthal nonzero component: A = (0, A, z), () and the problem (1) can be rewritten in the following form:

d1du Ju |
_r.é.;.r_g—?_f(r,z)_”p, (r,Z)EQ 2

where u(r, z) = r Agr, z) is the magnetic flux, shown in Figure 4, and £2is a computational domain.
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Figure 4. Definition of the magnetic flux u(r, z).

Theoretically, the azimuthal component of the magnetic vector potential for the magnetic field
generated by a coil with arbitrary cross section can be computed by numerically integrating the
following analytical formula over the coil cross section ¢ [12]:

4p(r',z") | s’ ' o 2 4rr'
Ag(r,z)= ————1,— l-— K-E|dr'd, = - =, 3
o(r:2) IJJ‘J s r[( Z]K }’ g (r+r') +(z+2') ®)

where K and E are full elliptic integrals of the first and second kind, respectively [13]. If the number
of grid points and the number of numerical integration points are large, then the computational time
can be excessive. In order to reduce computational time, equation (2) is solved in a gridded domain
using finite difference (FDM), finite element (FEM), or finite volume (FVM) methods. In some cases,
numerical integration of equation (3) is still useful for calculating the magnetic potential over a much
smaller domain, such as for determining boundary conditions.

4. Solution strategy

In order to solve the magnetostatic problem of equation (2) in a computer we need to discretize it from
its partial differential form into a system of algebraic equations using an approximation technique.
Furthermore, the computational domain, shown in Figure 5, must be discretized also into a mesh of
nodal points. Let us take on the domain discretization first.

4.1 Domain discretization

For simplicity, we consider a single coil with rectangular cross sectionc = {R; < r < R;, Z; <z < Z3}
in the rectangular computational domain £ = {0 < r < R3, Zy < z < Z3}. Since the coil is symmetric
with respect to z = 0, the computational domain can be reduced by halfto 2 = {0 <r <R; 0 <z < Zy}
with a boundary condition du/dz = 0 at z = 0, based on symmetry. Another boundary condition, ¥ = 0
at r = (), follows from the definition of u(r, z).



Following the geometry of Figure 5, the above domain can be discretized as follows. Let H and k" be
mesh steps for the mesh:

( I’0=0 ( 4] =0
r=rthy z1=z9+hp
r2=r1+h1r 22=21+h]z

X z
) I‘3=I‘2+h5 Z3=I.’2+h§
r Z

N, =Ny g Zy, =zn, -1+ hy

Finally, let us define a new array u; such that u; = u(r; z;) at each node of the rectangular grid.
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Figure 5. Deﬁm’ng the computational domain S2 for the axisymmetric single coil with rectangular cross
section ¢ and generating a rectangular grid for the problem. Here N,=9, N, = 8.

4.2 Equation discretization

After the computational domain is discretized, the second step is to approximate equation (2) into a set
of algebraic equations with respect to #;. We explore two techniques to do this. The first one is a 9-
point, finite difference, fourth-order on uniform grid (9¥D4U) approximation. The complete details of
the derivation are described in Appendix 1. The result is the following system of algebraic equations
with respect to u;:

poijur_'j - p]ijui—l,j -pu ;= p31jui+l,j - Pl g~ pjijui-i,j+1
-p7.u -p8u,, ;. =10 i=2,.N -1 j=2,.N -1,

g il j-1

" i )

iy %i-1,j-1

where the coefficients and right-hand side formulas are given by:



2 2
h, h,.
S5——4--3"= |=p4;,
h,.2 2r? I

{

_ 2r;
3h22(4’72 - hr2 )

8
pO; = %th p2;

2,2
Sh,—h, 1 I 1
———5———=Plx1,  P/i= 5+—5 |= P8 = pSips =pbirr, (5)
12vic172\ h* by

p3i= 7.2
6h, " h, tiyy/2

fi1/2 Fiv1/2

] . .
S05 =Sy "ﬁ[—r'—(fij _fi—I,j)+“rI—(fij = fiv1/2)% 21 = Jij-1 ‘fi,j+1]-

Figure 6 shows stencils for the 9-point and 5-point schemes described in this paper.
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Figure 6. 9-point and 5-point stencils with local numeration of the nodal points.

A similar 9-point finite difference scheme for the Poisson equation in Cartesian coordinates is well
known [7-9]. However, such schemes have not been investigated thoroughly for partial differential
equations in cylindrical coordinates as in our case.

The efficient use of this method has some limitations. For example, its accuracy is greatly reduced
when using a nonuniform mesh. Also, the grid aspect ratio (4,/h;) must be close to unity as described
in equation (19) of Appendix 1. Further still, use of a uniform mesh requires the computational
domain size to be comparable to the characteristic dimension of the magnet. In such cases it may be
necessary to calculate non-zero boundary conditions, using analytical formula (3). This may not be
convenient, when computing field values over much larger domains or when computing field
contributions due to internal plasma currents.

The generalization of the high-order discretization using finite volume approach is described in
Appendix 2. Appendix 3 discusses fast and accurate ways to derive boundary conditions by numerical
integration of analytical formula (3). The results of the investigation of the 9FD4U method will be
presented below after we discuss a second approach.



While the 9FD4U method has grid uniformity limitations, a simpler scheme using a 5-point stencil is
available. This method does not suffer from previous mesh uniformity restrictions and yields faster
solutions due to the reduced computational load. These benefits, however, come at the expense of
accuracy. We have compared the relative advantages and disadvantages that each method offers and
present these results in tabular form in Table 1. We now describe the 5-point scheme in detail.

We will use the name “SFD2N” to refer to the 5-point finite difference second-order on nonuniform
mesh technique, which can be presented by the following system of algebraic equations with respect to
Ui

pOIJ"’J - pI,-jui_],j —p2,~ju,~’j_1 - p3ijul'+1.j —p4l'juf,j+1 = fO,", i= 2,...N,. —1, ] = 2,...Nz —1, (6)

where the coefficients and right-hand side formulas are given by:

4 hj_] + hjz
pO;j =X pkj.  ply=———""=p3
k Yo/ 2hi- (7)
W+ h (h_; + W )(ho_;+h5)
rihj-1 i

The scheme has been previously used [2]. One advantage of this method is that the matrix of the
system for any mesh steps is less dense than one for the 9-point scheme and the system (6-7) has a
solution for any grid. Another advantage is that using a nonuniform mesh allows the use of a large
computational domain without sacrificing the minimal mesh size and keeping computational error
small. Furthermore, using a nonuniform mesh allows the use of very large domains. This in turn
permits the boundary condition # = 0 to be used instead of the more computationally expensive
numerical integration of formula (3).

Both numerical approximations are compared below.



Features \ Methods

9FD4U

SFD2N

1) Approximation
accuracy

fourth-order: k = 4

second-order: k = 2

2) Sparsity of the
matrix

9-diagonal

D)

5-diagonal

©

3) Mesh requirements

Required uniform mesh with
h,/h. in some range.
Composition of uniform
meshes introduces
increasing error

Nonuniform mesh works as
good as uniform, when |h—

hi«1|=0O(h)

4) Computational
domain

Because of 3), domain
cannot be very large

Because of 3), mesh can be
large

5) Boundary conditions

Because of 4), BC needs to
be calculated using
numerical integration of
analytical formula

For large computational
domain, BC can be zero
without introducing big
error

6) Iterative solver
performance (number

Because of 3), matrix does
not have big condition

Because of 3), the matrix
may have a big condition

of iteration) number, hence the solver number, hence the solver
needs fewer iterations needs more iterations
7) Number of Because of 2), each iteration @ Because of 2), each iteration @

arithmetic operations
per iteration

requires more arithmetic
operations

requires fewer arithmetic
operations

8) Applicability to
currents in a complex
geometry

Because of 9), it is very
difficult to use the method
for non-rectangular coils or
plasma currents

Because of 5), there is no
problem using the method
for non-rectangular coils or
plasma currents

9) Inclusion of the
current source in the
domain

If the currents source is
inside the computational
domain, the error may be
large

®

Inclusion of the current
source into the domain does
not increase the error

©

Table 1. Comparison of the 9-point finite difference fourth-order on uniform grid approximation with 5-
point finite difference second-order on nonuniform mesh approximation. Symbols & and © are used to
show pros and cons for each scheme.



One of the important features of approximation methods, compared in the Table 1, is accuracy. In
general, accuracy refers to how close the numerical solution approaches the exact one. We choose to
measure the accuracy by bounding the difference between these two solutions to some constant times a
power of the step size. This is expressed by

max|u,~j—ua(r,-,zj)]S Cmin(h)k =O(’hk), (8)

where the analytical solution #” can be calculated from formula (3). The value of k refers to the order
of the numerical error, or order of accuracy. The higher the value of k, the more accurate the solution
becomes. In order to find a value of &, one can proceed with the full numerical and analytical
evaluation of the left-hand side. However, it has been shown [2] that the & value can be obtained
without requiring this lengthy approach, by using a qualitative analysis of the numerical
approximations, Using this method, the value of & is found to be k = 4 for the 9FD4U scheme. For
4FD2N, if a quasi-uniform grid is used, i.e. |h; — hiy| = O(h %), then k = 2. k = I for both schemes,
when an arbitrary uniform grid is used.

4.3 Solving the algebraic system

Both finite difference schemes represent the partial differential problem (2) by a system of linear
algebraic equations. The 9FD4U algebraic system is presented in (4) and the SFD2N in (6). The
resulting linear algebraic systems can be represented by a matrix of the form:

Ah Uy :ﬁx- (9)
Such algebraic systems can be solved either %by direct or iterative methods [2, 14].

The resulting linear algebraic systems, presented in this report, are solved by the fast iterative 1mp11c1t
incomplete factorization method [14 - 15]. The stop criteria for the iterative process of calculating u”
is the following inequality:

‘fh - Ahuhnl

]f,, -Ahuhol <g=10". (10)

The number of iterations n(e,) depends on the computational domain and grid and normally is between
20 and 40.

5. VNﬁHiérical experiments for a single coil

5.1 1D tests

A number of numerical experiments were performed to test the accuracy of the numerical methods.
The first and simplest corresponds to the infinite solenoid representing the 1D solution. The solution
results are shown in Appendix 4. The error for the 9FD4U scheme is virtually zero. For the 5SFD2N,
the error is very small and decreases as 4. The second and more interesting set of tests is shown
below and corresponds to a single coil of finite size.
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5.2 Coil complexity

The complexity of solving a magnetostatic problem for a finite rectangular cross-section coil is affected
by the coil aspect. This is so because the mesh must be compatible with the coil shape. From the
mesh-generation point of view, it is difficult to discretize the computational domain for a very thin,
very narrow coil or a coil with a very small hole, as illustrated in Figure 7. In general, a nonuniform
mesh is preferable when dealing with a difficult coil.

Difficult coil Easy coil

Hole too small Too thin Too narrow

Figure 7. Difficult vs. easy coils from the mesh-generation point of view.

5.3 Deriving an exact solution and calculating the numerical error

The first test was considered for the “easy” coil “c1” with a cross section ¢ = {0.5, 1] */-0.5, 0.5] and a
current density corresponding pp = I. The solution for this problem is plotted in Figure 8.

1.5¢

b o Numerical
0.25 + 3 —— Analytical
1 /o
3
AN Y
05t %&
ol go15- & &;\
5 4 %
0.1+ ¢
051 / \G{
Vi N

0.05 | / N
\S\

Figure 8. A magnetic field near an “easy” coil. Left: magnetic field lines (contour lines for the magnetic
flux u(r, z)). Right: axial magnetic field, calculated numerically and analytically along r = 0.
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To study the accuracy of the two methods, the numerical solution was compared with a known
analytical solution calculated on the symmetry line 7 = () by the formula

R, +\RI+(2-2,)
R +\R +(z-2,)

R,+~JR +(z-2,)°
B;’('O,z)=£ (z-Z,)In— \/'+(Z ! —-(z—-Z2,)In

2 R +R +(z-2,)°

. D

where current density p is assumed constant in the coil. The following maximal and point-wise
relative errors on the symmetry line were observed:

B (0.2,)- B!(0,z,)
BI(0,z, )

3=m_§1x53(z),' 04(z;)= (12)

max
j
where B"(0,z) is the numerical solution calculated from the numerical magnetic flux solution u" at the

symmetry line » = 0, according to the scheme described in Appendix 5.
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Figure 9. Magnetic field B, (red line) and relative errors 8y of the magnetic field B JSor the single coil “cl”,
calculated on the symmetry line r = 0 by SFD2N (blue lines) and 9FD4U (green lines) methods using three
different mesh sizes: 64 X 64, 128 x 128 and 256 x 256.
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5.4 Finite difference grid

The first comparison of accuracy of the two methods considers the dependence of the relative error on
the grid size. This is shown in Figure 9.

Two families of error plots corresponding to SFD2N and 9FD4U methods are shown in blue and green
color, respectively. In each family three mesh structures were used, including 64 x 64, 128 x 128 and
256 x 256 grid points. Several features of Figure 9 merit discussion.

The second-order non uniform-mesh method SFD2N is generally less accurate but has more constant
error along the domain. The fourth-order uniform-mesh method 9FD4U produces more accurate
solution but shows diverged error over the computational domain.

In all cases, the error decreases with increasing grid size in accordance with theoretical predictions.
For example, the second-order SFD2N method makes the maximal relative error 6 decrease by factors
of 4 as 0.003, 0.0008 and 0.0002, when the grid step size A is divided by 2. On the other hand, the
fourth-order 9FD4U method makes the relative error § go down by factors of /6 as 8./ 07, 5.-10° and
3.-107, when the grid step size 4 is divided by 2. The strong discontinuities in the error plots are due
to several factors, such as the behavior of the analytical solution and its derivatives, the choice of grid
and the method used. The use of a fully adaptive grid will tend to smooth out these irregularities. This
is beyond the scope of this paper.

One can see that, to meet the current experimental requirements on accuracy of / 0, the scheme
SFD2N should be used with a 128 x 128 mesh. For the same requirements, the 9FD4U method can be
used with a 64 x 64 mesh. This shows an advantage of the 9FD4U (uniform) method when the
magnetostatic problem is solved for an easier coil.

Mesh configurations for both methods, as applied to an easier coil, are shown in Figure 10. The 2D
nonuniform mesh in Figure 10 (b) is a product of two nonuniform 1D meshes. Each of them is fine
next to points of singularity: edges of the coil and the symmetry line r = 0. It was created
independently in the  and z directions, as described in Appendix 4 for the 1D case.

TR i3 i3 ut T T I N i UELE i 11] i1 i 1 i
S ] SEESs=aull il | G
18 e {i N el MBREEER s EESSSEC S S
H ‘ = == HH / B =
050 3 i T 0 | ———— ket et
T #'ﬁ § H ] 1
o i e o e T
i R 0 e === = —
%:% — Hi
056 o5 == e EE
H S i
i ﬂ i B e HHi E =
. HE A s H m 1 g — - - e = i
4 i B e = 3 T SRS E T =
%3§+ i i = Wil LR -
it it = R e I
-2 15 -1 -05 1 15 2 -2 -1.5 -1 05 0 0.5 1 15 2
a) 9rD4U b) SFD2N

Figure 10. An example for the uniform (a) and nonuniform (b) finite difference meshes for “c1” coil.
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5.5 Domain size and boundary conditions

In the above calculation, the size of the computational domain: 2 = {0, 8] x/-8, 8]} was chosen to be
about ten times the size of the coil. The requirement is particular to the magnetoplasma thruster
design. If the magnetic field needs to be calculated only near the coil, the computational domain can
be much smaller, simplifying the problem considerably.

Choosing an appropriate domain size is related to choosing appropriate boundary conditions. As
mentioned earlier, there are two ways of handling boundary conditions. First, a semi-analytical
formula given by equation (3) can be used to compute the field value at the boundary for both
methods. Second, the magnetic potential is assumed to be zero at the boundary, which is a good
assumption for a large domain.

In the first approach, formula (3) requires the use of a numerical integration technique described in
Appendix 3. Convergence of the boundary condition calculation method is presented in Appendix 6.
This method works well for both 9FD4U and SFD2N schemes, when the current source is given as a
coil with small cross section.

For the large enough domain, the SFD2N method can work efficiently with zero boundary conditions.
This property allows it to work efficiently for problems with complex current source terms, such as
plasma currents, when the first approach based on formula (3) cannot be used. The accuracy of the
SFD2N scheme with zero boundary conditions is demonstrated below. The 9FD4U scheme is taken
out of comparison there, because a large computational domain with a difficult coil requires too large a
uniform mesh.

Since an exact solution may not be small on the boundary points close to the coil, the use of a small
domain with zero boundary conditions could be a source of the error. On the other hand, a large
domain could be an error source as well, if the grid is too coarse. The optimal domain size depends on
the coil geometry and can be found from numerical experiments. The dependence of the numerical
error from the domain size R; and coil geometry for the fixed number of grid points is presented in
Figure 11. .
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Figure 11. Maximal relative error & of the 5-point scheme SFD2N, as a function of the domain size R;. 2D
calculations of the magnetostatic problem for “c1” and “c2” coils were performed, using semi-analytical
and zero boundary conditions. For each R;, the nonuniform mesh 128 by 128 was built to minimize the
relative error for 1D problem.

Let’s analyze the error for the “easy” coil “c1” and the long-shaped “difficult” coil “c2” with cross
section ¢ = [0.049, 0.053]x{-0.2, 0.2], shown in Figure 11. The use of the semi-analytical boundary
conditions provides less error, especially for the small domain size R;. Use of zero boundary
conditions produces a big error for the small domain size. Also, for sufficiently large domain size, the
error would grow, because the grid becomes coarse. The zero boundary conditions yield a minimum
error corresponding to some “optimal” value for the domain size R;.

Since the coil “c2” has a smaller and thinner cross section than “c1”, the optimal domain size is
different. While the total number of mesh points is fixed at /28 by /28, the plots have minimums at R;
= 50, 6§ = 0.0003 for coil “c1” and R; = 8, & = 0.0002 for the coil “c2”. These numerical tests
demonstrate the robustness and good performance of the 5SFD2N scheme for solving the magnetostatic
problem for a difficult coil.
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6. Numerical experiments for a multi-coil system

Our ultimate test demonstrated in this section corresponds to the multiple-coil system involved in the
magnetoplasma thruster. This system consists of rectangular cross-section coils of different shape. This is
why our magnetostatic solver needs to work well for a variety of coil geometries.

In practice, the usual problem consists of computing the magnetic field of the set of various coils of different
sizes and placed at varying distances from one another. Fortunately, the principle of superposition applies and
the total field of the coil system is the sum of the fields of separate coils. In doing so, the size of the
computational domain and the number of mesh-points can be decreased dramatically. As shown in Figure 12,
a nonuniform mesh has singular points at the coil edges; hence the number of singular mesh points is bigger for
the multi-coil system. By breaking up the magnet into single coils, the number of singular mesh points is

greatly reduced.
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Figure 12. Hlustration of the principle of superposition. The magnetic field for the multi-coil system
(top) can be calculated as a superposition of the magnetic fields of each individual coil (bottom). Sample
nonuniform meshes are shown for the SFD2N method.

The full magnet field of the low-power VASIMR thruster is shown in Figure 13. Table 2 specifies the various
magnet parameters.
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Figure 13. Magnetic field for the 14-coil magnetoplasma rocket configuration.
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N R, R; Z; Z> J Section Sample nonuniform mesh
1 101068 |0.1108 |0.02 0.04 2000.0
2 |0.1028 |0.1068 |0.02 0.06 4000.0
3 10.1004 |0.1028 |0.02 0.12 6000.0 Helicon
] magnets
4 |0.098 |0.1004 |0.02 0.16 8000.0
5 10095 |0.098 |0.02 0.18 12000.0
6 10095 |0145 103075 |0.3525 |110000.0 Choke
magnet
7 10095 |o0.101 |0.39 0.53 42000.0
8 lo101 |0.103 |045 0.53 8000.0
o lo103 lo1os |o047 |0s3 |eo00o |'CRH
- magnets
10 10105 ]0.107 |049 0.53 4000.0
11 10107 ]0.109 |0.51 0.53 2000.0
12 10113 |0117 053 0.61 16000.0
13 lo117 lo12s |057 0.61 16000.0 | Magnetic
] - nozzle
14 |0.125 10145 |0.59 0.61 20000.0

Table 2. Description of the multi-coil magnetic configuration considered for the RTD VASIMR thruster
shown in Figure 13. Here J is the fotal current in each coil. The current density function p in each coil is
computed as p=J/ (R, - R)(Z,-Z)).

The uniform and nonuniform meshes used are demonstrated in Figure 14. For the 9FD4U method, the
computational domain was chosen as the union of two rectangles: 0 <r < 0.075, - 0.1 <z<0.7and 0
<r<1 07<z<3. Suchdomain includes the area where plasma flow is observed. Since “difficult”
coils require too-large uniform meshes, the uniform-mesh domain excludes the coils. A piece-wise
uniform grid with /6 x 72 points is used for the first subdomain and the grid with 240 x 64 points is
used for the second one. The 5FD5N method used nonuniform mesh with 700 x 300 grid points on the
domain [0 5] x [-5, 5].
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Figure 14. a) Sample uniform meshes used for the 9FD4U method (top half of the picture); area around
coils is not covered by the 9FD4U method; b) sample nonuniform mesh used for the SFD2N method (bottom
half of the picture).

The accuracy of both methods is demonstrated in Figure 15. It has been found that there is about the
same level of the numerical error for both methods, which is below the current experiment
requirements of / 0. The numerical error for the SFD2N method with nonuniform mesh is closer to a
constant than the error for the 9FD4U method with uniform mesh. The uniform mesh error is higher at
areas corresponding to a larger magnetic field. Also, the uniform mesh error has a discontinuity at the
interface boundary of sub-meshes.
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Figure 15. Relative error of the magnetic field for the set of 14 coils calculated on the symmetry line by
SFD2N and 9FD4U methods.

7. Computational complexity

The computational complexity involved in the solution of the problem generally implies requirements
on computer memory and speed. For some applications these resources may be limited. Hence the
proper choice of computational method is determined in the context of the full engineering problem.
To illustrate this point, we examine the tradeoffs in complexity as functions of the computational error
for the simple coil shown in Figures 8 and 10.

First, let us discuss computer memory requirements. One of the most efficient available iterative
solvers, the iterative implicit incomplete factorization method (IMIF9, [14]), requires the use of a
memory volume P = T N N., where Tyu is the number of 2D arrays used by the approximation
method. The size of arrays is equal to the number of mesh points of N, N.. The 9FD4U method uses
Tam = 12 arrays, and the SFD2N method uses T = 9 arrays. Therefore, using double precision, a
conventional personal computer with 128 MB of RAM should be able to handle the problem as long as
the mesh does not exceed 7000 x 1000 points.
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The requirements on computer speed are a bit more complicated to evaluate, as they depend on the
number of iterations in addition to the mesh size. An approximate formula for the number of
arithmetic operations Q, required by a numerical method to get a solution with given relative error 0, is
given by Q= Uyr n(€) N.(8) N:(§). U,z is a number of arithmetic operations used by a method, per one
iteration, per one mesh point. 9FD4U method implies Uyr = 45 and SFD2N method implies U7 = 21.
n(e;) is the number of iterations required to get numerical solution with an error less than €. The
iteration error & has to be much less than the relative numerical solution error 6. One can use the
following simple relation: & = &. As numerical experiments show, the number of required iterations
n(€;) is between 20 and 40 for the iteration error & = / 0.

The mesh size for the fourth-order 9FD4U method is bounded by a numerical error as N, < 08", N.
< O(8""). For the second-order 5SFD2N method, the mesh size is defined by the relation N, < 08",
N.< O(5'?). All this makes the O(§) dependence to be quite complicated. Rather than attempting to
evaluate this expression, a set of numerical experiments has been performed for a simple coil (c1).
The results are plotted on Figure 16. The number of arithmetic operations is measured in million float-
point operations (MFlops).
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Figure 16. Numerical error 8 vs. number of arithmetic operation Q needed
Jfor magnetic field calculation in c1-domain.
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From this figure, if one is interested in high accuracy, the 9FD4U method is faster, whereas if accuracy
is less important, the SFD2N method is more desirable. As pointed out earlier, these results are
dependent on the complexity of the coil structure. For a relative error close to the current experiment
requirement of & = 0.001, the 9FD4U and 5FD2N require about the same number of arithmetic
operations for the “easy” c1-coil problem considered here.

However, the second-order scheme using nonuniform mesh is a better tool for calculating a magnetic
field for more complex problems. One such complex problem is a multi-coil system including
“difficult” coils, when the magnetic field has to be calculated next to the coils. Another complex
magnetostatic problem is solving for the magnetic field in the presence of internal plasma currents,
where no semi-analytical solution for the calculation of boundary values is available.

The total computational cost of calculating magnetic field must include the cost of computing the
boundary conditions, when they are calculated by the numerical integration of formula (3). Forsimple
coil geometries, the numerical calculation of the boundary magnetic field requires many fewer
computations and gives much less error than finite-difference solvers. This is why the computational
complexity of boundary condition calculation does not affect the overall complexity of the magnetic
field calculation.

8. Conclusion

This paper demonstrates advanced computational techniques for an accurate computation of the
magnetic field of an axisymmetric electromagnet. These techniques involve the adaptive and uniform
grids, second- and fourth-order approximations, and use of a semi-analytical calculation of the
boundary conditions. The comparison analysis has been conducted for two approximation methods:
the fourth-order 9-point finite volume scheme using uniform mesh (9FD4U) and 5-point finite
difference scheme on adaptive nonuniform mesh (SFD2N). The approximation method of choice
depends on the complexity of the current sources (coils), specification of the computational domain for
finding the magnetic field, computational accuracy requirements, and available computational
resources.

For achieving the accuracy imposed by our experimental requirements, both 9FD4U and 5FD2N
methods have about the same computational complexity. If higher accuracy is needed, the fourth-order
scheme 9FD4U will have dramatic advantage over the second-order method SFD2N. The 5FD2N
scheme is the best tool when the computational domain has to be of the large size or there is no semi-
analitical method for boundary values calculation. Such a case exists when the presence of internal
plasma currents affects the overall magnetic field. The numerical methods described in this paper have
been applied for solving an electrostatic problem, which is a part of the extended mathematical model
in the magnetoplasma rocket simulation [2].

Numerical predictions of the field generated by an axisymmetric electromagnet are also being applied
to experimental investigations of the VASIMR system in the laboratory. The magnetic field contours
shown in Figure 17 are outputs of this predictive tool. Actual photographs of the plasma show plume
divergence as predicted by the code.
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Figure 17. Magnetic field in the present VASIMR configuration calculated by the numerical code
together with superimposed photographs of plasma source and plasma exhaust. Magnetic field lines are
plotted for the area with a plasma flow, as well as the magnetic field strength contour lines. The bottom

part of the figure demonstrates a 1D plot of the axial magnetic field along the symmetry line.

The 5FD2N method is currently used operationally to design an experimental configuration of the VX-10
device at the ASPL. For given electromagnet geometries and current values, the magnetic field is calculated
and plotted (Figure 17), as well as contour lines for the magnetic field strength. The present code allows the
determination of the electromagnet currents needed to generate a required magnetic field. Another important
application of the magnetostatic solver based on the SFD2N method is a self-consistent simulation of plasma
flow in the VASIMR.
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Figure 18: Local numbering used in the compact 9-point finite difference scheme (17) and two boxes
around mesh node (7. 7), used in finite volume discretization (21).

Appendix 1: Compact finite difference scheme of the fourth order

Our goal is to derive the compact finite difference approximation of equation (2) of the fourth order
at the uniform grid with mesh steps h] = h,. hZ = h, (here “compact”™ means that only the closest to
the central point mesh points are included into the stencil for approximation). To get this, we define
the scaled one-dimensional (1D) differential operator

- 1 0 10u
Lu=-L.u=———— 17
=it drr dr (13)
and its three-point approximation with the following property:
. T (g —wisy;  Wj— Wiglj - h?.
(Lf‘u)i,j = h_2 ( 1,JT‘ 1/12 1, + t.Jr.+1/1:-1,J) _ (Lru _ l_;LrTLru)i,j + O(h4), (]4)
T 1— [

where ;4170 = (ri + ri+1)/2. The validity of this relation can be checked by Taylor expansion.
From (14) and similar definition of another 1D difference operator

) - h? , i
(2ui; — i 51 — tije1) = (Lou - iLzu),‘,j + 0(114) (15)

ho o _
(Lyu)i; = 5

~
NN‘*—

we have the following nine-point scheme of order O(h*):

(LAw);; = rLPu+ LA — %(h?,]:fl,fu + h2LR LR )]
2]

1 -
= fig = (rhELEf + BILEf)is + O(hY). (16)

The validity of this relation is proved by the direct substitution of the expansions (14), (15) in (16)
and using the original equation (2) for the terms of the second order. The function f is required to
have bounded fourth derivatives.

Let us introduce the local numbers for the nodes of the nine-point mesh stencil in accordance with
Figure 18. Then we can write the resulting grid equation of the mesh point (i.7) in the form

8

p0; jup — Z pkijug = f0;;, (17)
k=1
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where the coefficients and right-hand side are gi\'exl for r; > 0 by the following formulas derived by
multiplication of 1D finite-difference operators:

8
I)Oi.j = Z]’ki,j!
k=1

3 _1 s hey 1
Plij = = 5~ %) = pliy s
" 6h2riy1y2 h2 i
2r; _ h? hZ. ,

S i SR N 8
P2ij 3h2(4r? - h?)(23 h? 3'27'?) Pri-ts (13)

~ 1 i 1
pii; = m( 2T h_z) = p8ij—1 = Pit+1,j-1 = Pbiy1,;,

1 T z s
1 T4

[j—(fi,j - fiz15)+

12 Ti-1/2 Tit

f0i; = fij— 1./2(’fi,j ~ fit1,;) + 2fij = fij—1 = fijal

All the coeflicients (18) are positive under the conditions
2/7 < h2/h? < 5. (19)

If we have the Dirichlet condition on all of the boundary 9Q of the computational domain u|,q = ¢(r, =)
(the simplest case is ¢ = 0), then an algebraic system of linear equations (17), (18) can be rewritten
in vector-matrix form

Apun = froown = {wigl, o= {05} (20)
where Ap is a symmetric and positive definite matrix for an arbitrary ratio of the mesh steps. Ay is
a Stieltjes type matrix, i.e. it is monotone (431 > 0, see [14] for example) only under the conditions
(19). The convergence tate O(h*) of the error of this scheme can be proved in the Euclidean or
maximum norms by usual techniques, like it was done in [7, 8].

The generalization of the high-order discretization using finite volume approach is described in
Appendix 2. '

Appendix 2: Finite volume approximations

Using direct finite-difference approximations, it is impossible theoretically to get high-order accuracy
if the functions v and f don’t have smooth enough derivatives.

So, our second approach consists of constructing the finite volume scheme for the picce-wise smooth
function f. The approach is based on the approximation of the integral equation obtained by formal
integration of the differential equation (2) and coincides with the fourth-order equation (16) in the
case of a uniform grid and a smooth function f.

A similar finite-volume scheme for the Poisson equation in Cartesian coordinates can be found in
[8, 9]. Such schemes are not investigated thoroughly for partial differential equations in cylindrical
coordinates,

In accordance with [9], we introduce the small and big boxes around the (. j) mesh-point:

Vig = {T,’—h,‘_l/'ZSTST,'—I-h,'/'Z, zj—hj_l/'ZSzSZj-{-hj/'Z}, (21)
Vij = {V‘i—l <r<rpy. zjm1 £ 2j+1}
and denote their boundaries by 5; ; and 5;,; respectively, as shown in Figure 18.
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Let us integrate by parts the left side of equation (2) over the volume

| ZJ+1/21 P Ti41/2 Lo

) } Uy v,

_ — o |Ter/2 g~ — ——{®i+1/2
/ ; (Lyu+ Lyu)dV = / e |rg_1/2d" + / - 0- ’z]_m(lr
Vig Z3-1/2 Ti—1/2

and consider the linear combination with a weight parameter 0 < w < 1 of the integral relations for
the small and big boxes

Lij=uw / I'ds+(1—-w) [ I'dS = w / idr(l: + (1 —w) / —fr—dr(lz. (22)
T
Si.j Ei,j Vi Vi.]
. L : 10u 10u }
Here I™ is the projection of the vector [ = ([,,[;) = (—_E’ —;5—). We assume also that some
’ T z

jumps of function f are possible only at the grid lines r = r;, z = z;.

To approximate equation (22), we introduce sub-volumes ‘il,r Vi 1=12,3,4 which are the

result of subdivision of 1 ; and V; ; by the grid lines into four parts:
4 4
o1 7. . — I
‘/l’] = U ‘IVJ.I ‘/ 1"-7 - U ‘ ‘i,j'
=1 =1
. . : =i
We define corresponding fluxes If,j through the sub-volume surfaces .Sf_j and 5 ;:
4
_ l £
Li=U1; (23)
=1

and write with the help of (22) the necessary relation for ! = 3 in more detail (right upper sub-volumes
for r > ry, 2 > z5):

Zj41/2 Ti41/2
@) _ 1 Qu _ du dr
-y =w / ;E|i+l/2d~ + 5~T|j+1/27
z; Te
Zj+1 Ti+1
) 1 du 1Ju du ou dr .
w0 | [ (G5 T es s [ (G4 5n) T 20
Zy T

Additional terms with the integrals over the “internal” boundaries between sub-volumes are included
here to improve the approximation of the derivatives. It is important that in the sum (23), additional
terms annul because of the continuity property of the solution and its fluxes.

Then by applying the simplest quadrature formulas and the linear interpolation of the terms under
the integrals, we can write the flux ]z-(f;) as some linear form of four values u;:

11-(3-) = p00; jup + p03; jus + p04; ;ug + pO8; jus. (25)

If the fourth-order vector T = (uo, u3. u4. ug), whose components are the values of the solution in

(

the vertices of the finite volume Tl(f) and vector 7O = (1(53). 133).113), 18(3)), whose entries are the



“partial” fluxes around corresponding nodes (for example, 163) = [i(,:;") from (24)), are introduced, then
one can write in vector form the following relation between them:
p00; ; p03;; p0di;  pOR; ;
70 _ @@ 4@ = [ #30 p33iy p3a 38 (26)
[)40{'_7' ])431"]' pél‘li’j 1)4Ri,j
pR0;; p83:; pRdi; P8R
Here the fourth-order symmetric matrix AB) (pkl; ; = plki;) can be called the local balance matrix
by analogy with the local stiffness matrix of finite element methods, introduced in [16].
It is easy to show that the elements pk; ; of the “global” balance matrix A, from system (17), (20)
can be written via the entries of local balance matrices by the formulas

p0;; = p00;; + p33i1; + pddij—1 + p88icaj—1, P3ij = pli; = pO3i; + P08y ;1. (27)
plij = p2i;=p0Li; + 381, pSij = pli; = Pbi; = pbij = p08; ;.
In practice, instead of implementing these formulas, it is preferable to assemble the global matrix
Ay in an element-by-element technique which can be presented by the following pseudo-code for each
sub-volume Vil,j:

p0i; == p0i; + p00; ;. POiy1,j := POitr,; + 334,

PO 41 := P01 + pddij, POig1jen i= POiva i1 + P88

p3i; := p3ij + p03ij, P3ij+1 = P3ij1 + P84, (28)
plij = pdiy + p04i;, piv1,j := plivr; + P38,

p8i,j = p8i; + P08, PTij+1 = Plije1 + p3dij

It is possible to use different approximations of the integrals in (24). We apply quadratures which
follow from the linear interpolation of the functions under the integral over the surface of —\_'?’j:

3 3hE
—I3 = w3l — tig1g) g — W]

8hiTit1/2
PRI L wirrgen) + (7 P (g - i) (29)
Wind i — Ui : - oy s
1677 |\ ritas2 i+l T Bitlj41 Mit1/2 Tor1/2 i — Wij+1 ,
hz  Yir1/2
+(1—w) {w*—‘, (5 — ip1,; + W41 — Wigr ) T 1;,.1,/ (Wij — Uij41 + Mig1,j — Uitl,j+1 )} :
LTit1/2 i

Here the values 7,417 are defined from the condition that the entries pk; ; of the global matrix A,
which are assembled via the elements pkl; ; of the local balance matrices by the formulas (25) — (28),
coincide with the coefficients (18) of the compact finite difference scheme of order O(h*) in the case
of uniform grid and w = 16/15. This condition has the recurrent form

hT + hT_ hiy ; - '
S vy N2 Detl  i= N1 (30)

Yi-1/2 =

y
Ty TN.+1/2

and provides the following formulas for the entries of the local balance matrix:
1 5w\ k% w AT 15w\ 7
5= ity - [(1-5) 2 A) ()
Tir1/2 | 8 J kI lGhJ-_ 16 hj
Yw\ 7 1 chT Tw\ h%
pO4i; = p38i; = (1 - i) mi/z - [il—l (1 - ﬁ) =1
1 7w\ b w R 15w Yit1/2
D08, = p3di; = i e RN BRI
PO8; ;5 = p3dij T2 L( 3 ) 0T + 16]2;_ + ( T ) h;
p00; ; = p03;; + p0d; ; + pO8;; = p33i; = pldij = pR8y ;. phli; = plky .
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The approximation of the right-hand side of equation (22) can be made in a similar cell-by-cell
approach, so the value f0;; from (20) is assembled as

3 3 )

foi.j:foz,]+ f3(z)— ; + /.151),,] 1+ f81 1,7—-1" (31)
Here the following “local™ terms are defined from the numerical integration on the sub-volume HE?):
Jw 8 —Tw ripi; — Tit1Pi+1,j
oo = 1= T eis = = e r.:;:plﬂd + pig = i) IR (32)
1
3 3w 8 —Tw Tiy1Pi+1 — Tifi ‘

3‘,),, = [(1 — T)/’z+1 g 6 ( 1+1p:‘:1/2 Pig Pit1,5 — Pi+1,j+1)] hih%, (33)

(3 _ 3w, 8 — Tw Tiy1Pij41 = Tit1Pitl 41 N 2 .
44,5 = [(1 - T)/’wﬂ -~ T 16 ( rerio + pij+1 — /71,])] hfhj. (31)

3w 8 — 7w Tix1Pit1.541 — Tifi;
253,)] = [(1 — —)pit1,5+1 (DLt gl 7 PP Pitl,j+1 — /’i+1,j)] hih?, (35)
' A4 16 Tit1/2

where p;; = f(r;.zj)/7; at the line of jump corresponds to “own” sub-volume. It is easy to check
that formulas (31)-(35) provide for w = ]6 the term f0;; from (18) in the case of a uniform grid.
One remark: in fact coefficients in (18) i m Appendu\ 1 differ by the multiplier (1 — —u) (RT 4+ RI_))
(h% 4+ hZ_;)/4, which is the “weighted™ cell volume.

These formu]as provide the symmetry of the local balance matrix A®) and global matrix 4. The
values 7;31/2 are positive for the quasi-uniform grid. Tor the general nonuniform grid, the approx-
imation of this scheme is of order O(h) only and the matrix A, is monotone under strong enough
conditions for the ratio of the mesh steps (19).

Appendix 3: Computation of boundary conditions

It is known [12] that the magnetic field of a single current ring for the unit magunetic permeability is
given analytically by the following formulas for the axisymmetric azimuthal component of the vector
potential A and r- and z-components of the induction vector B:

N A 2\ . P B
AQ(T',A,)—'LT 1-[(1—;) ]X—Ejl. & _(T+T +(~_~, (36)
i 2J (0 e o Gt G -
BV e EE [(r’—r)2+(,z-2’)2 By )
2.7 (7")2—7‘2—(.‘3— 1)2
B,(r,z)= E . 38
(T ) \/(7',-|—7‘)2+(2—Z’)2 { _7)2+(~ + K (3 )

Here 7/ is the ring radius, .J is the ring current, =’ is the coordinate of its center in cylindrical coordinates
r, > and I, E are full elliptic integrals of the first and second kind respectively (see [13]), for which
the following series are valid:

1 1 1\2 1-3)\2 1-3-5\2
T 2[+(2>“+(2-4>‘+2.4-6 R
1 1 1 /1\? 2 /1-3\2 3/1-3-5\2 1/1-3-5-
ORI R
e [1 (2> +3<2-4) “Hy\aae) 7T
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By the definitions of s, E and K, it is possible to show that A(0,2) = B,(0,z) = 0.
The computation of the magnetic field generated by a coil with arbitrary cross section can be made
by numerical integration of analytical formulas (37), (3R) over the coil cross section

c={0< Ry <7 < Ry, Z1 < < Zs}. (39)

The following formula, which can be obtained from (36), is used to compute the boundary values
of the solution:

R; Z;

u(r,z) = P//\/(r + )2 4 (2= 22M(s%)dr'ds!, M(s?) =

R, Z;

2

7

N

(1- )I\'—%E, (40)

1
;s

where p is a uniform current density and the coil cross section is the region Ry < ' < Ry, Z1 < 2' < Za.
For the underintegral term M(s2), the following series can be derived via the expansion for full elliptic
integrals k', E:

1\21 1-3\2%2 2 1-3-5\% 3 o ,
LY ;2 :54 — — e ——-;2 st Lol = 7!4+2p_
M(s%) [(z) 8+('2~4) 12° +(2~4-6> T 2 " “h

p=0

Instead of M (s?) we use a calculation of its approximation for s < I:

Ma(s?) =Y epstt?, (12)
p=0

To understand the convergence rate of M,(s?) when n — oc, the values of

82 = (1 + (r—r')2 4 (- 3’)2)-1

4rr!

can be estimated for (r,z) at the boundary of the computational domain (r = R3 or z = Z3) and
(#',z') from the coil cross section (39) by the following inequality:

-1 ) _1
. R3 — R,)? (Z3— 71)?
@ <maxd (14 Ha= T2 At L .
g _ma\{( + 1Rk, , 11+ 1Rk,

For example, if R3 > 3R, and Z3 — 71 > 2R, then $%2 < 0.75. So, if the domain boundary is away
from the coil, then the value of s? decreases and the error of approximation of M(s%) by M,(s?) for
the fixed n is improved. More exactly, the cutoff error €, can be estimated by the following relation:

00 00
€ = 11[(52) _ ﬂ[n(SZ) — Z Cp-94+2p < Cn+154+2(n+1) Z 521 < (,n+134+2(n+1)/(1 _ 52)_
p=n+l =0

Our computational strategy is a mixed one and consists of numerical integration with respect to
r’ by the simplest central rectangle quadrature rule

Ry m
, 1
u(r,z) = p/w‘n(r')dr’ + 6= phey walr) + Gty 1i= Rit (= )he he
Rl l=1

_Ry— Ry
- m
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or by the Simpson’s quadrature

he [ —
u(r,:):p;—,(wn(‘ri')+4u;n(7"2’)+'2wn(r§')+ +“’n(72m+1 +€n+e£3). =R+ ( )hc (41)
or by the Gauss quadrature
u(r,z) = phe(crwn(r1) + .o+ epwn(rm)) + 6 + eﬁ;j). (45)
where
22
() = [\l P (= M)
Z
R; Z; . _
€n = p//\/(r + 72 4 (2 — ) 2epdr’ds < p\ﬂRg + R2)2 +(Z3— Z1)X Ry — R1)(Z2 — Z1)en
R Z,

with the given integer m. Here & ), i = 1, 2, 3 are the errors of different quadratures. The total error
of such approximation is

=6+ ) = Oy +3%+€) i=1,2, 3= max {s(r,7,z,7)},
(r',z") €c,
(r,2) € 90

where v = 2 for quadrature (43) and v = 4 for (44) and can be made as small as necessary with
sufficiently large integers m and n. The optimal Gauss quadrature points rx and the coefficients c
in (45) are defined in [L7], for example. The error (( ) of the Gauss quadrature is estimated by the
inequality }

As for the error €, for s2 < 0.75, for example, we have €3 < 4.2 1072, €53 < 9.5- 10712
To compute wy,(r') we use the auxiliary recurrent relations for the following integrals:

) < (R — Ry)*"*1(m!)* max ld2mwn("')
fm’ = [(2m)3(2m + 1) Ri<r'<R, || (dr')Pm

da dz L
ép('l’f)_/(\/ﬂ—)p ‘ I’t):/(m)Bz f\/m-t,

i 1 T
) r,t) = 2 =1,2,... 4
¢2p+3( v, 1) 1(21) n 1) ((\/TT-I-‘t)2P+1 + ])é2p+l) y P ( G)

If we denote now
Syl 2, 2. Z3) = Splz = Za (r + 1)) = Gplz = Za. (r 4 07)%),

then it is possible to write the resulting formula to compute w,(r}):

n
wa(r]) = Z cp(Arir VP 20, a7 11 2. Z1. Z2), (47)

p=0

where coefficients ¢, are defined in (41).
The stable computation of w,(r}) is held by using the recurrent procedure. Namely, we define the
new functions
Qg2p+3— (47’7 )p+3/2®2 p+3- p=20,1,...,
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which are computed from the relations

4 1 =7 -4 i r+ r')?
G243 = 7 ‘ : s S — | VAT 4 2pogpia| L8 = Sk r)
2p+1)3 oL (=22) P 2 (=21 P drr
B+ 4rr’ 3+ 4rr!

and calculate w,(r]) by the formula

. , B n or2m—1\?
wn(”)—wn—1(71)+652n.+38+.1(n—l)m]'_z‘[l( 2m ) ’

The presented formulas provide high accuracy of computing the boundary conditions for increasing
integers m, n if the value of s? is not very close to unity.

Appendix 4: 1D test

This section describes convergence of finite difference methods of the magnetostatic problem in a
case when the solution depends only on one (radial) variable. Then we can present an algorithm of
generation of 1D nonuniform meshes.

C'onsider a coil in the shape of the infinite solenoid with internal and external radii By and R,
correspondingly. Assume that the coil has an azimuthal electric current with unit density, and the coil
is placed inside an infinite conducting cylinder with radius R3. The magnetic field for such system is
one dimensional, B = (0,0, B,(r)) and has the following analytical expression:

Rz—Rl—'Z([, OSPSRI.
B,(r)=% Ry—2d-r, 7 Ry <r< Ry, (48)
—2d, d= (R} - R})/(6R]), Ry<r<Rs

That solution is displayed in Figure 19.
Corresponding magnetic flux u(r) has the following analytical formula

(———R"';Rl —d> r?, 0<r< Ry,
N = R R 3 49)
u(r) (72— )7'2—-6—1—3‘, Ri1<r< Ry, (9)
d(R} —r?), Ry <7< Rs,

which can be found as a solution to the following 1D problem
—-———— =, w(0) = u(R3) =0 (50)

with a piece-wise uniform current density p =1 for Ry <7 < R, and p = 0 otherwise. The coil radii
are Ry = 0.4, Ry = 0.6, and domain size B3 = 1.0 for the field shown in Figure 19.

When the 9FD4TU method is used, the computations give zero error (in the sense of accuracy of the
iterative method) both for the uniform and nonuniform grids. It was expected, that the error should
be of order O(h?) because of the discontinuity of the right-hand side and nonuniform grid. In fact,
the error is even better than O(/*).

The application of the 5-point scheme 5FD2N (6) for the boundary value problem (50) with the
same 1D solution, but for different Ra, provides the following results presented in Figure 20. Here the
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Figure 19: One-dimensional magnetic field for the infinite solenoid with internal radius Ry = 0.5 and
external radius Ry = 1.0. Outside conducting wall is assumed to be placed at B3 = 2.5.

error

i
50 100 200 400
N

Figure 20: Relative error of the 1D calculation using 5-point scheme (6) on nonuniform mesh. Ry =

0.19, B3 = 0.51,R3 = 1, 3, 10. For cach N, and R3. the nonuniform mesh was built to minimize the
relative error.
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relative error is defined as (
max ulr;)y — uplr;
s O<1r,(<R::,{l ) t') h( t)|} (r)l)
max u(r; '
0<r¢<R3{l ( I)l}

The plots show that the error is going down as fast as N2, where N, is the number of grid points.
Also, error is less for smaller domain size Rz due to smaller mesh size.

Let’s describe the algorithm of generating an adaptive nonuniform mesh for the following 1D
domain in radial direction. The computational domain Q = [0, R3] was divided into five subdomains:
Ql = [0, Rl/'z],Qz = [R1/2, Rl].Qg = [RI(RI + Rg)/Z]Q,; = [(Rl + Rg)/?,Rz]ﬁQs = {Rz,R‘g]. The
grid was created to be fine next to singular points: r = 0,7 = Ry and 7 = Ry. In Q4,93 and Q5 the
grid step size satisfies the following relation: hiy; = hi(1 4+ éh), in Qz and Q4 hipyg = hi/(1+ éh),
where 8h > 0 is a relative increment of the grid-step. This means that in each subdomain Qj, the
length L(Q4) can be expressed through a number of mesh steps Nf as following;:

L(%) = humin + Bmin(1 + 68) + hmin(1 4 60)% + - hmin(1 + EMNeY = R ((1 + 6h)Nk — 1) J6h.

The 1D adaptive mesh generation has the following three steps.

1) For given N, number of points and for given relative mesh increment éh, create nonuniform
mesh in the domain . This requires us to find 6 unknowns: the number of grid steps in subdomains
T NI, N5, Ni. Ng and the minimal mesh size Apmin. The unknowns must satisfy the following 6

equations:

5
hoin((1+ 60)NE = 1)/6h = L(Q), k= 1,..5: 2 Nf = Ny; (52)
k=1

The following iteration process works efficiently to resolve the above system:

a) Start with initial guess for Ng;

b) Caleulate hpin = L(Qs)6R/((1+ NS ~ 1);

¢) Calculate NI = In(1 + L(Q%&)6h/hmin)/ In(1 + ék) for k=1,..4;

d) Check: if Y3y NJ < N,, then increase N by one and return to b). If 3_, NI > N,. then reduce
NI by one and return to b) until convergence.

2) Calculate error & (51) of the numerical solution for the generated mesh, using analytical solution
u(r) (19). .

3) Optimize mesh by minimizing the error & with respect to the relative mesh increment &/, It
was found that the function §(8h) is a convex smooth function with one minimum (see Figure 21),
which can be found using the following iteration process:

a) Start with minimal éh', maximal éh* and intermediate 6h3: 6h' < 6h® < 6h* and calculate
corresponding errors &y, 63 and b4, using step 2);

b) Calculate another intermediate 842 = Véh16h3 with corresponding error é;:

c) If 3 > é3, then assign §h1 = 6h4,6h* = 6h? and return to step b), else assign sht = 6h1,6ht =
&h3,6h3 = 6% and return to step b).

The described nonuniform mesh in radial direction can be efficiently used for solving 2D problems,
because the 2D solution at the vertical symmetry plane z = 0 behaves similarly to the 1D solution
(48).

Now let us describe the method of generating an adaptive nonuniform mesh in the axial domain.
To do this we use a similar approach as used for the radial grid. Consider behavior of the magnetic
field of a single coil along the middle radius line r = (R + R2)/2. For values of z inside the coil:
+ < Z,. radial component B, goes up from zero to its maximal value at the coil edge. Outside the
coil, B, goes down. approaching zero at large =. It is hard to find a 1D magnetostatic problem in
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Figure 21: Minimization of the numerical error with respect to the relative mesh step increment.

Cartesian coordinates with a solution having that behavior, but a solution of the 1D problem for an

infinite cylindrical wire with uniform current behaves in a very similar way:

B(z) = 273

That solution is displayed in Figure 22.
Corresponding magnetic potential A(z) has the following analytical formula

2 _ 22 2 A
Zz——+~Z_lln (;), 0<z2< 2Z,,
Alx) = 1 2 2

72
72[71 (‘Z—) . Z2 S ot S Z3!

~
~

which can be found as a solution to the following 1D Poisson problem

10(@1

~0
~

oA :
-0 ) = P 3;(0) = O,A(Zg) =0

with a piece-wise uniform charge density function p =1 for 0 £ z < Z3 and p = 0 otherwise.

(53)

(55)

In formulas (53, 54, 55) we used variable z for the radial coordinate because the formulas are used

to generate an adaptive z-mesh as described below.

The computational domain Q = [0, Z3] was divided into two subdomains: Q; = [0,Z;].Q2 =
[Z3. Z3]. The grid was created to be fine next to the only singular point: z = Z3. In €y the grid step
size satisfies to the following relation: hyy1 = h;/(1+ éh), in Qa: hipq = Ii(1 + 81), where 6k > 0 is
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Figure 22: One-dimensional magnetic field for the infinite wire with radius Z = 0.5.

a relative increment of the grid-step. It means that in each subdomain Q, the length L(Q) can be
expressed through a number of mesh steps N[ as following:

L) = hmin + hmin(1+ 68) + hmin(1 + 80)? 4 hmin(1+ 806! = Rinin ((1 + 6h)Nk — 1) Jéh.

The 1D adaptive mesh generation has the following three steps.

1) For given N, number of points and for given relative mesh increment éh, create a nonuniform
mesh in the domain Q. This requires us to find 3 unknowns: the number of grid steps in subdomains
NI.N7 and the minimal mesh size hpin. The unkunowns must satisfy the following 3 equations:

Bomin((1 + 8R)NK — 1)/6h = L(Q), k= L2 N{ + N = Ny (56)

The following iteration process works efficiently to resolve the above system:
a) Start with initial guess for NJ;
b) Calculate Ay = L(Q2)0h/((1 + )Nz — 1),
¢) Caleulate N7 = In(1 + L(Q1)6h/hmin)/ In(1 + 8h);
d) Check: if N7+ NI < N, then increase N] by one and return to b). If N7+ N7 > N, then reduce
NI by one and return to b) until convergence.

9) Calculate error & (51) of the numerical solution for the generated mesh, using the analytical
solution u(r) (51).

3) Optimize the mesh by minimizing the error é with respect to the relative mesh increment éh.
The minimization is done using the same method as for generating the adaptive r-mesh, described
above,
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Appendix 5: Calculation of the magnetic field on the symmetry line

Accurate calculation of the magnetic field B, on the symmetry line requires use of both the fine grid in
the radial direction and the high-order finite difference approximation. Taking into consideration the
zero conditions for magnetic flux: «(0.z) = 0 and the magnetic potential: A(0,z) = 0, the following
analytical formula can be used for computing the axial magnetic field:

: 32
B;(0,z) = lim (1@> 0 U(O,:).

r—o\r dr/) Or?

The formula can be approximated be the following second-order finite difference expression:

B0, 7;) = =24 1 O(h?), (57)
(h1)
or the fourth-order finite difference approximation:
2 hT 4+ R\ ? hT 2
Bigy -\ — 1 2 o 1 _ 4 5
B2 = g e [( w ) i ((’h; n h;)) uzj| + OUT): (58)

These approximations are derived from the Taylor expansion of u(r, =) near the axis under the condition
u1,; = 0, as well as the smoothness and symmetry property of the solution. Let us note that for a test
function u = 72 4+ ar4, the exact value is B¢ = 2 and its approximations B! of the second and fourth
orders equal 2(1 + eh?) and 2 respectively.

Appendix 6: Convergence in the boundary condition calculation

The numerical error of the magnetic field depends on several factors: the distance I = min{Z3 —
Z3. R3— R3} of the domain boundary from the coil, the number m of quadrature points in the numerical
integration (43), the number n of the roundoff in the series (42) and the characteristic mesh-step
(R3 ~ Ry)/m. We consider the influence of these parameters on the example of the rectangular coil
cl.

We use three variants of the domain boundary at a different distance from the coil. These bound-
aries are defined by the following computational domains (@ = {0 <r < R3. 0< 2 < Z3}):

M :R3=23=2,0:R3=273=4,Q3: Rg=Z3=8.

Here we take into account that, due to the symmetry property of the field for the single coil, the
Neumann boundary condition du/dz = 0 is used at z = 0 and the computational domain includes the
half of the coil for = > 0. We need to distinguish thesc domains because the value of s? decreases when
the distance H increases. So in the series (42) we can take a smaller number of terms » and decrease
the computational costs. Moreover, the underintegral function in (43) is smoother in this case. So it
is possible to use a smaller number m in the quadrature formulas.

In Table 3 we present the relative errors

R R a o) — g(m) o
5=n1aX{éj=|“ (R3,2j) —u (ngj)l}

3 ut( R3, z;)

of the boundary values for different integers m, distances R3. and sufficiently big n = 7. Errors of
numerical integration are denoted by é, and &, for the rectangular quadrature formula (43) and the
Simpson’s quadrature formula (41) respectively. Actually, we define

u*(R3.zj) = u™)( R, ),
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(LRI

where 77 is the minimal value of m which satisfies the condition

u{™)(R3, z5) = u(m/2)( R, z;)
max

<e=10"1,
J ll(m)(Rg. :j) =¢

It means that, in some sense, ll‘(m)(Rg.ZjA) is an “almost exact” numerical solution at the boundary.
Here 71 = 200, 7 = 32 were taken.

m 1 2 4 8 16
Qy: 6, | 1.1.1077 | 82107 ¢ | 5.7-1077 | 3.7-107% | 2.3-107°
Qy: 6. | 0.045 0.011 0.0028 | 0.00069 | 0.00017
Qg 6, | 271075 [ 1.7-1078 | 1.1-1077 | 6.7-107° 1.2.10°10
Qy: 6 | 0.03% | 0.0095 | 0.0024 | 0.00060 | 0.00015
Os: 6, | 561075 | 3.5:1077 | 2.2:107% | 1.4-107% | 8.6-107"1
O3: 6. | 0.036 0.0091 | 0.0023 | 0.00057 | 0.00014

Table 3. Errors of numerical integration for coil “cl1”

The table shows that the error is of order O(m~2) for the central rectangle and O(m™1*) for the
Simpson’s quadratures and the last ones give an essentially smaller error. For a big distance H the
quadratures are more precise. Let us note that the calculations using Gauss quadratures provide
considerably higher efficiency. Its error for m = 7 satisfies the inequality é, < 10~ for all three types
of the computational domain.

Table 4 includes the errors

é:max{,j:
j

of the boundary values for a different number of series terms in (42). The quadrature used is Simpson’s
one. Here u®(R3. z;) is the “c-asymptotically” exact numerical solution with 7 = 200, 7 = 64.

«

u(R3.zj) — u(M(Rs. 25) ‘
u®( R3. z;)

n 2 1 8 16 32
Q| 044 | 022 | 0.072 0.011 | 5.9-107*
Q, | 0.19 | 0.045 | 0.0034 |3.5107°| 8.4-107°
Qs | 0.067 | 0.0056 | 5.8-107% | 1.2.1078 | 2.0-10°"°

Table 4. Errors of computing the elliptic integrals for coil “c1”

Note that n = 32 is not enough for € if high accuracy is required.
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